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COMPACT NILMANIFOLDS WITH
NILPOTENT COMPLEX STRUCTURES:
DOLBEAULT COHOMOLOGY

LUIS A. CORDERO, MARISA FERNANDEZ, ALFRED GRAY, AND LUIS UGARTE

ABSTRACT. We consider a special class of compact complex nilmanifolds,
which we call compact nilmanifolds with nilpotent complex structure. It is
shown that if I'\G is a compact nilmanifold with nilpotent complex structure,
then the Dolbeault cohomology Hz™(I'\G) is canonically isomorphic to the
H-cohomology Hg’*(g(c) of the bigraded complex (A**(g)*,d) of complex
valued left invariant differential forms on the nilpotent Lie group G.

1. INTRODUCTION

During the last few years compact complex nilmanifolds have proved to be very
useful in producing a rich and wide variety of examples of compact complex man-
ifolds possessing “unusual” properties. For example, it has been proved that any
compact complex nilmanifold, not a torus, carries no positive definite Kéhler met-
ric [BGl, [CFG2|, [Hal; nevertheless, many of these manifolds carry symplectic
forms, or indefinite Kéhler metrics with remarkable curvature properties [AFGM].
Also, examples of compact complex manifolds for which the Frolicher spectral se-
quence [F] associated to their complex structure does not collapse at the second
level have been constructed using compact complex nilmanifolds [CEFG3|, [CFG4],
[CEGU].

By compact complex nilmanifold we mean a complex manifold of the form T'\G,
where G is a (real) simply—connected connected nilpotent Lie group possessing a left
invariant integrable almost complex structure, and T is a lattice of G of maximal
rank; thus T'\G inherits its complex structure from that of G by passing to the
quotient. For a compact complex nilmanifold I'\G, of (complex) dimension n,
there is a (complex) basis {w;; 1 < ¢ < n} of forms of type (1,0), such that the
equations

(1) dw; = Z Aijkw]‘ N wg + Z Bijkwj/\a;k (1§z§n),
i<k<n 3,k<n
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hold. Here A;;, and Bj, are constants. Equations (1) can be very complicated.
But there are many examples of compact complex nilmanifolds for which the equa-
tions (1) reduce to

(2) dw; = Z Aijkwj N wg + Z Biji wj N\ Wy, (1<i<n).

j<k<i Gk<i

In this paper we consider those compact complex nilmanifolds T\G that can be
defined by equations (2), and we call such a compact complex nilmanifold a compact
nilmanifold with nilpotent complex structure. If G is indeed a complex Lie group,
then I'\G is a compact complex parallelizable nilmanifold in the sense of H.C.
Wang [Wa]. The compact complex parallelizable nilmanifolds are precisely those
compact nilmanifolds with nilpotent complex structure for which the coefficients
Bk in (2) vanish.

It is well known that for any Lie group there is the ascending central series
{g1;1 > 0}, associated to the Lie algebra g of G, which characterizes the nilpotent
Lie groups. In order to distinguish the compact nilmanifolds I'\G with nilpotent
complex structure, we define a new series {a;;1 > 0} associated to a nilpotent Lie
group G with a left invariant integrable almost complex structure that is useful in
finding a condition equivalent to that given by the equations (2) (see Section 2,
Theorem 12 and Theorem 13).

One of the main tools in the proofs of the results we have mentioned is a well
known theorem, due to Nomizu [No|, which asserts that the cohomology H*(g) of
the complex A*g* of left invariant differential forms on the nilpotent Lie group G (g
= Lie algebra of G) is isomorphic to the de Rham cohomology H*(T'\G,R). (No-
mizu established an additive isomorphism, but there actually exists a multiplicative
isomorphism.) However, no similar result seems to be known in the general case for
the Dolbeault cohomology H g’*(I‘\G) either of a compact complex nilmanifold or
of a compact nilmanifold with nilpotent complex structure. Sakane [Sa] proved a
theorem for the Dolbeault cohomology of a compact complex parallelizable nilman-
ifold T\G; but there exist many interesting compact nilmanifolds with a nilpotent
complex structure which are not complex parallelizable but only real parallelizable
(see Examples 2—4 in Section 5). Our purpose is to prove the following theorem.

Main Theorem. Let T\G be a compact nilmanifold with a nilpotent complex struc-
ture, and let g be the Lie algebra of G. Then there is a canonical isomorphism

HE(I\G) = HE (o),

where Hg’*(g(c) denotes the cohomology ring of the differential bigraded algebra
A**(g©)*, associated to the complezified Lie algebra g€, with respect to the operator

d in the canonical decomposition d = 0 + 0 of the Chevalley-FEilenberg differential
in A*(g%)*.

Sakane’s theorem follows as a corollary.

An interesting question remains open: does the Main Theorem hold for an arbi-
trary compact complex nilmanifold?

The paper is structured as follows. In Section 2, we find necessary conditions for
a compact nilmanifold to have a nilpotent complex structure (see Proposition 10).
Then in Section 3 we describe how a compact nilmanifold T'\G with a nilpotent
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complex structure can be realized as the total space at the top of a tower of holo-
morphic principal bundles with complex tori as structure groups, each base mani-
fold in the tower being a compact nilmanifold with a nilpotent complex structure.
Moreover, it is shown that each bundle in this tower carries a canonical principal
connection. In Section 4, we use Borel’s spectral sequence [Hi| as the main tool for
the proof of a Hirsch Lemma which allows us to determine a minimal model (in
the sense of [NT]) for the Dolbeault cohomology of the total space of a holomor-
phic fibre bundle satisfying some suitable hypothesis. This Hirsch Lemma, together
with the construction of the tower in the preceding section, leads to a proof of our
Main Theorem. Section 5 is devoted to the discussion of examples illustrating the
constructions and results of the previous sections. Finally, in Section 6 we give
examples of compact complex nilmanifolds L% and M0 with complex structures
not nilpotent (the example L° is due to E. Abbena, S. Garbiero and S. Salamon).
Also, in Section 6, by using the results of Section 2, we prove that the compact
nilmanifold L% admits no nilpotent complex structures.

Acknowledgment. The authors are grateful to Simon Salamon for several very use-
ful discussions, and in particular for calling our attention to the existence of the
compact complex nilmanifold LS.

2. COMPACT NILMANIFOLDS WITH NILPOTENT COMPLEX STRUCTURE

Let us start by distinguishing those compact complex nilmanifolds that admit a
nilpotent complex structure.

Let G be a real nilpotent Lie group. Instead of describing the Lie algebra g of
G in terms of its bracket, we shall use the exterior differential on the dual space
g*. The two are equivalent because da(X,Y) = —a([X,Y]), where a € (g©)* and
X,Y e g%

Let us suppose that G has a left invariant almost complex structure, and choose

a complex basis {w,...,w,}, 2n = dim G, for the complex forms on g&. Then
{w1,01,...,wn,wn} is a real basis for g*. Thus the structure equations sufficient
to determine the bracket in g are
(3) dw; = ZAijk wj Awk"’ZBijkwj /\@k—FZCijk w; N\ Wg.-

j<k gk j<k

If we want g to be the Lie algebra of a nilpotent Lie group with a left invariant
integrable almost complex structure, it is necessary and sufficient that the coeffi-
cients Cjji in (3) vanish; that is, the structure equations for g are of the form (1).
(See for example [KNJ vol. I, Theorem 2.8].)

Let G be a simply—connected connected s—step nilpotent Lie group with Lie
algebra g. The ascending central series of g is defined as follows. Let g;, I > 0, be
defined inductively by

g0=0, g={Xeg|[XgCau}, =21
then each g; is an ideal in g, g1 is the center of g, g1 # 0, gs = ¢, 91 C g1+1, and
dimg; < dimg;41 for 0 <1 < s — 1. The increasing sequence
g0=0=g1 =g g1 70 =0

is called the ascending central series of the Lie algebra g.
Let us now suppose that G carries a left invariant integrable almost complex
structure J. Then g is a complex vector space, but in general not a complex Lie
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algebra. Moreover, each term g; is an ideal of g, so g; is a real subspace of g, but not
necessarily a complex subspace of g. (In fact, in Section 5, we shall give examples
of (real) Lie algebras, each of which has the structure of complex vector space,
for which the terms g; of the ascending central series do not admit a structure of
complex vector subspace of g; see Examples 3 and 4.)

In order to distinguish and study a compact nilmanifold with a nilpotent complex
structure, we introduce the following ascending series {a;} associated to the Lie
algebra g.

Definition 1. The ascending series {a;;1 > 0} (compatible with the integrable al-
most complex structure J of G) of g is defined inductively by

(4) a=0, a={Xeg|[X,9)Caq-1 and [JX,g)Cay_1}, 1>1.

It is easy to verify that a; is an ideal of g, a complex subspace of g and a; C a1,
for each [ > 0; moreover, a; C g; for each [ > 0.

Lemma 2. If a; = a;41 for somel >0, then a, = a; for all r > [.

Proof. Since a; = a;41, it follows from (4) that
a2 ={X €g[[X, 0] Cay1 and [JX, g] C a1}
={Xeg|[X.g)]Ca and [JX, 9] Ca}
= 041.

Thus, a, = aj41 = a; for all r > [. O

From Lemma 2 we guess the possible existence of a series {a;;! > 0} for which
g # a; = a;41 for some [ > 0; in fact, in Section 6, we give examples for which
a; =0 for all [ > 0. In the present section we find a condition equivalent to having
a; = g for some ¢ > 1 and dima; < dima;41 for 0 <1 <¢ —1 (see Theorem 12).

First, we state some general properties of the series {a;;! > 0} in relation with
the series {g;;1 > 0}.

Lemma 3. Let g be the Lie algebra of a simply-connected connected s-step nilpotent
Lie group with a left invariant integrable almost complex structure J. Let {a;;1 > 0}
be the ascending series defined by (4).

(i) If there is 1 > 0 such that a; = g, then J(g;) = gi.

(ii) If aj—1 = gi—1, for some l > 0, then a; = g; if and only if J(g1) = gi.

(iii) If aj—1 = gi—1 then a; is the largest subspace of g; which is invariant under
J.

Proof. Since J(a;) = a; for I > 0, we obtain (i) and (ii) directly from the definitions
of the series {a;;1 > 0} and {g;;1 > 0}. To prove (iii), let us consider a subspace
V of g; invariant under J and satisfying a; C V C g;. Since J(V) =V C g;, we
obtain that [v,g] C g;—1 and [J(v),g] C g;—1 for v € V. But a;_; = g;—1 implies
that v € a;; therefore, a; = V. O

Remark 4. We note that, from Lemma 3, if J(g;) ¢ g, for some [ > 0, then the
inclusion a; C g; is strict. Moreover, Lemma 3 also implies that if a;_1 = gs_1,
then a; = g5 = g.

Since ag = go = 0, we obtain the following corollary from (ii) and (iii) of
Lemma 3:
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Corollary 5. Under the conditions of Lemma 3 we have:

(i) The term ay is the largest subspace of the center g1 of g which is invariant
under J.

(ii) If all the terms g; in the ascending central series {gi;1 > 0} of g are invariant
under J, then a; = g; for each Il > 0. In particular, a; = gs = g.

Suppose that T\G is a compact complex parallelizable nilmanifold in the sense
of Wang [Wal; then g is a complex Lie algebra, each g; is a complex Lie subalgebra
of g, and from Lemma 3 we get J(g;) = g; and a; = g; for all [ > 0. Therefore, the
series {a;} and {g;} are the same for compact complex parallelizable nilmanifolds.

There are examples of nilpotent (non-complex) Lie algebras g for which a; = g,
for each | > 0 (see Section 5, Example 2). However, there are also examples of
nilpotent Lie algebras g for which dima; < dimg; for some [ > 0 (see Section 5,
Examples 3 and 4).

Let us recall that the descending central series {g*; k > 0} of g is defined induc-
tively by

(5) =9 o"=1g

It is known [Val page 191] that g is an s-step nilpotent Lie algebra if and only if
g° = 0 and g~ ! # 0. Moreover, in this case the sequence {g*; k > 0} is a sequence
of ideals of g such that dim g¥ > dim g*¥*!, for 0 < k < s — 1. We next state some
general properties for the series {a;;1 > 0} with respect to the series {g*; k > 0}.

lgl, k> 1

Lemma 6. Under the conditions of Lemma 3, let {a;;1 > 0} be the ascending series
associated to g defined by (4). Then:
(1) If ¢* C a; and J(g*"1) = gk=! for some k > 0 and some | > 0, then
k—1
g C ap41-
(i) If [g,9] C a; for some 1 > 0, then aj41 = g.

Proof. Let X € gF~!. Then [X,g] C [g*!,g] = g¥. Moreover, since J(gF=1) =
gh=1 JX € gk~1. Therefore, from (5) it follows that [JX, g] C [~ !, g] = g*. Now,
since g¥ C a; by hypothesis, we obtain the following inclusions: [X,g] C g¥ C a
and [JX,g] C g¥ C a;. This implies, using (4), that X € a;;. Therefore, X € a;;;
for each X € g¢¥=1, which proves (i).

To prove (ii), we notice that [g,g] = g' and J(g°) = g°, because g° = g. Then,
using (i) for k = 1, we obtain that [g, g] C a; implies g = g° C a;41. O

Corollary 7. If all the terms g* in the descending central series {g*;k > 0} of g
are invariant under J, then as = gs = g.

Proof. Since g is s-step nilpotent, g° = ap = 0. Using Lemma 6 (i) for k = s and
[ =0, we obtain g*~! C a; because J(g*!) = g°*~!. Since J(g*2) = ¢g° 2, using
again Lemma 6 (i) with k = s — 1 and [ = 1, we obtain g*~2 C as, and continuing
in this way we arrive at g?> C as_s. Since J(g') = g', using Lemma 6 (i) with k = 2
and | = s — 2, we obtain g' = [g,g] C as_1. Finally, from Lemma 6 (ii) it follows
that a;, = g. |

Definition 8. Let G be a simply—connected connected s—step nilpotent Lie group
with Lie algebra g. Let us suppose that J is a left invariant integrable almost
complex structure on G.

(i) We shall say that J is a nilpotent (left invariant) complex structure if a; = g
for some ¢ > 0.
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(i) Furthermore, if J is a nilpotent (left invariant) complex structure on G, and
T" is a lattice of G of maximal rank, we shall say that the compact nilmanifold
I'\G (with the complex structure defined from J by passing to the quotient) has a
nilpotent complex structure.

In order to formulate the existence of a nilpotent complex structure on the
compact nilmanifold I'\G in terms of the structure equations of G, we need the
following;:

Lemma 9. Let G be a simply-connected connected s-step nilpotent Lie group with
Lie algebra g. Suppose that G carries a left invariant integrable almost complex
structure J, for which there is a (complex) basis {w;; 1 < i < n} of forms of type
(1,0) that satisfy equations (2). Let {Z;, Z;; 1 < i < n} be the basis of g dual to
the basis {w;,w;; 1 <i<n} of g*. For each 1 <1i < n, let us denote X; = Re(Z;)
and Y; = Jm(Z;). Then, for 1 <1 < n, the term a; in the series {a;;l > 0} has at
least the following generators: Xp_i41, Yn—i41,---, Xn, Yn-

Proof. Due to the fact that each dw; is a linear combination of wedge products of
w;’s and their conjugates with j < i, it follows in particular that [U, Z,] = [U, Z,,] =
0 for every U € g. Therefore, Z,,, Z, € a;. This implies that X,, = Re(Z,) and
Y, = Im(Z,) = —JX,, both belong to a;, which proves the assertion for [ = 1.

Suppose now that X, _i+1, Yn—i41,..., Xn, Yn are generators of a; with 1 <[ <
n; then we shall show that X,,_;, Y51, Xou—i141, Yn—i41, . - -, Xn, Yn are generators of
ay1. For that, it suffices to prove that Z,_;, Z,_; € a;41. But, from equations (2)
we get

n
Zj, Znl == ) AynaaZi, 1<j<n—l-1,
1=n—I+1
(Z;, Zn] = Z (=Bijn-1Zi + Bin—1jZ;), 1<j<n-—I,
i=n—I+1

and these identities imply that Z,_;, Z,_; € a;41, which completes the proof. O

It must be remarked that, under the conditions of Lemma 9, there exists always
an integer ¢t with 1 < ¢ < n such that a; = g; in fact, at least a,, = g always. Hence,
and as a consequence of Lemma 2 and Lemma 9, we obtain the possible values for
t such that dima;_; < dima; and a; = g.

Proposition 10. In the conditions of Lemma 9, we have:
(i) Let a; be a term in the series {a;;1 > 0} such that a; # g. Then

dim a4 > 2+ dim a;.
(i) Let {gi;1 > 0} be the ascending central series of g. Then, for 0 <1 <s,
dimg; > dima; > 21.

(iii) There exists a unique integer t with s <t < n such that dima;—; < dim a;
and a; = g.

Proof. Suppose a; # g. Then, from Lemma 2, it follows that a; # a;41 C a,, = g.
Now, (i) is a direct consequence of Lemma 9, which also implies that dima; > 2,
and, since a; C g;, we conclude (ii). In order to prove (iii) it suffices to show
that s < ¢. But this inequality is a direct consequence of (ii) and the inclusions
as S gs =9 = a. O
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In Section 5 we describe examples of nilpotent Lie algebras illustrating the variety
of possibilities inherent in Proposition 10 (iii). Example 2 satisfies s =t =n = 2;
Example 1 satisfies s = t < n; in Example 3 itis s = 2 <3 =t = n, and in
Example 4 itiss=3<4=t<5=n.

Note that in all these examples the sequence {a;} always stops at the term a;
with ¢ = s or s + 1; however, we have neither found a general proof of this fact,
nor examples of s-step nilpotent Lie algebras for which the sequence {a;} stops at
a term a; with ¢t > s + 2.

Proposition 11. Under the conditions of Lemma 9, we have
dim[g, g] < 2n — 3.

Proof. From equations (2) we deduce in particular that

(6) dwi =0 and dws = Baijwi A 1.

Therefore, Z1, 71 € [g,8]. Moreover, if Bajy = 0, then Zs, Z5 & [g,g]. Otherwise, if
Bs11 # 0, then, using (6), we get that

(Z1,71] = —Bo11Z2 + Ba11 22 + Z(—Bank + Br11Z);
k=3
that is, Jm(Ba11Z2) can be in [g, g] but Re(B21172) € [g, g]. In any case, dim [g, g] <
2n — 3. (|

Next, with the following two theorems, we shall characterize which compact
nilmanifolds admit a nilpotent complex structure.

Theorem 12. Let G be a simply—connected connected s—step nilpotent Lie group,
of dimension 2n, with Lie algebra g. Suppose that G carries a left invariant in-
tegrable almost complex structure J, and let {a;; 1 > 0} be the ascending series
of g compatible with J. Then, there is a (complex) basis {w;; 1 < i < n} of left
invariant forms of type (1,0) such that equations (2) are the structure equations of
G if and only if J is nilpotent (in the sense of Definition 8 (i)) on G.

Proof. Let us suppose that equations (2) are satisfied for some (complex) basis
{wi; 1 < ¢ < n}. From Proposition 10 we know that there exists a unique ¢
satisfying dima;—; < dima; and a; = g; moreover dima; < dima;1; for 0 <[ <
t—1.

Conversely, let us suppose that a; = g for some [ > 0. From Lemma 2 we can take
t as the smallest integer such that a; = g, dima;_; < dima; and dim a; < dim a;14
for 0 <1 <t —1. Thus, we have the series a9 = {0} Ca; Cas C -+ C a1 C
a; = g. This series induces the following sequence of (quotient) Lie algebras and
homomorphisms:

(7) g—g/ag — - —g/a —5glag — - — g/a_1 — 0,

where each m; is surjective and kerm; = a;/a;_1.

Let a; be a term in the series {a;;! > 0} such that a; # g. Since g is a nilpotent
Lie algebra and a; an ideal in g, the quotient Lie algebra g/a; is also nilpotent.
Let G; be the simply-connected connected nilpotent Lie group defined by the Lie
algebra g/a;. Since J(a;) = a;, there exists on G; the left invariant almost complex
structure J; induced by J and given by

(8) D(X) = JX,
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for X € g/a;. (Here, we denote by X the element in g/a; defined by X € g.)
This structure J; is integrable on G; because the Nijenhuis tensor Nj, of J; satisfies

Ny, (X,Y )= N(X)Y); thus, Nj, = 0.

Now, in order to construct a basis {w;; 1 < i < n} satisfying equations (2),
we start an iterative procedure from the Lie algebra g/a;—1 of the sequence (7).
Definition 1 implies that [g/a;—1,g/a;—1] = 0, that is, g/a;—; is Abelian. Moreover,
if we set dima;—q = 2n;_1, then dim(g/a;—1) = 2(n — ny—1). Therefore, we can
consider a basis {X1, X1,..., Xn-n, 1> Xn-n,_, } for g/a;_1 such that

9) (X, X;5] = [ X3, Xj] = [Xi, X;] = 0

in g/a;—1 and for any 1 <i,j < n—ny_1. Let {wi,@1,...,wn—n,_,,@n-n,_,} be
the real basis for (g/a;—1)* dual to the basis {X1, X1,..., Xn—n, 1, Xn—n,_,}- In
terms of {w;,w;;1 < i <n—ny_1}, the identities (9) become

(10) dw; =0, 1<i<n—mng_;.

Now, consider the Lie algebra g/a;—2 in the sequence (7). Then, we extend the
basis {X1,X1,..., Xn—n, s Xn-n,_, of g/a;—1 to a basis {X1,X1,..., Xn—n,_,,

Xnni1s s Xnony_a Xn—n,_,} of g/as_o in such way that {X,—n, 11, Xn-n,_,+1,
ooy Xneny_r Xn—n,_,} is a basis for a;_1/a;—2; in fact,

g/ai—1 = (g/ar—2)/(ar—1/ar—2).

But a;—1/a;—2 is contained in the center of g/a;_o, because [a;—1/a;—2,g/a;_2] = 0,
and so we have

(11) (X, Xi] = [Xi, Xi] = [ X, Xp] = [ X, Xp] = [X, X,] = 0

ing/a;_o for 1 <i<mn-—ng_y,and forn —ny_1 +1 < k,p < n—mng_o; but in
g/a;_o it happens that

(12) [(Xi, Xj) € api/ag—g for 1<4,j<n—mne_.

Let {w1,@1,-«sWnn,_»,@n—n,_»} be the real basis for (g/a;—2)* dual to the
basis { X1, X1,..., Xn—n, o, Xn—n,_, | for g/a;_2. Now, because the almost complex
structure J;_o defined by (8) is integrable, conditions (11) and (12) imply

dw;=0 (1<i<n-—mngq),

(13) dwy, = Z Akij w; Nwj + Z Bkij wi N\ Wj

1<i<j<n—ni_1 1<i,j<n—ne_1
m—ni1+1<k<n-—ng_s).

Equations (13) are of the same type as equations (2). Continuing with this proce-
dure ¢ — 2 times on each step of the sequence (7), taking into account that a;41/ay
is contained in the center of g/a; and that J; given by (8) is integrable, we obtain
a real basis {w;,w;; 1 <i < n} for g* such that equations (2) are satisfied. O

A well known result of Mal’cev [Mal] implies that a simply—connected connected
nilpotent Lie group G has compact quotients of the form I'\G, T" being a lattice in
G, provided there exists a basis of left invariant 1-forms such that the coefficients in
the structure equations are rational numbers. Now, from this result and Theorem 12
we have
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Theorem 13. The structure equations (2) define a simply—connected connected
nilpotent Lie group G with nilpotent (left invariant) complex structure; hence, there
exist compact nilmanifolds T\G with nilpotent complex structures in the sense of
Definition 8 (ii). Conversely, the structure equations for the Lie algebra g of a
nilpotent Lie group G with a nilpotent (left invariant) complex structure have the
form (2).

Remark 14. We note that Theorem 13 implies that Corollary 7 in [CEG4] must
be corrected accordingly; that is, it applies only to nilpotent Lie groups G with
nilpotent (left invariant) complex structure.

Next, we show a necessary topological condition for a compact nilmanifold to
have a nilpotent complex structure.

Proposition 15. Let M =T'\G be a compact nilmanifold with a nilpotent complex
structure. Then, the first Betti number of M satisfies by (M) > 3.

Proof. By Nomizu’s theorem [No| we have that H!(I'\G) = H'(g), where H'(I'\G)
is the first de Rham cohomology group of I'\G, and g denotes the Lie algebra of G.
Since dim H'(g) = dim(g/[g, g]), from Proposition 11 we have that dim H!(I'\G) =
dim H'(g) > 2n — (2n — 3) = 3; that is, b1 (T'\G) > 3. O

3. COMPACT NILMANIFOLDS WITH NILPOTENT COMPLEX STRUCTURE
AND HOLOMORPHIC PRINCIPAL FIBRE BUNDLES

In this section we describe how a compact nilmanifold with a nilpotent complex
structure can be realized as the total space at the top in a tower of holomorphic
principal bundles whose structure groups are all complex tori. We shall prove also
that each bundle in this tower carries a canonical (compatible) principal connection.

Let G be a simply-connected connected nilpotent Lie group with a nilpotent
(left invariant) complex structure, g its Lie algebra, {a;;1 > 0} the ascending series
compatible with the complex structure of G, and (7) the induced sequence of Lie
algebras and homomorphisms.

Let {w1,&1,...,wn,wn}t be a real basis of g* satisfying the structure equa-
tions (2), and let {Xy, X1,..., X, X,,} be the real basis of g dual to this basis
of 1-forms. Without loss of generality, we can assume that the basis {X;, X;;1 <
i < n} is such that {X, 41, Xn_n,41,---> Xn, Xn} is a real basis of a;, n; =
dimgc a;. In fact, proceeding as in the proof of Theorem 12, having chosen a basis
{X1, X1, -, Xn-n,_,>»Xn_n,_, } of the Lie algebra g/a;_1, we complete it to a ba-
sis {le Xla s 7Xn7nt71 ) Xn*’ﬂt71 ’ X’ﬂ*nt—l‘i’lﬂ Xn*nt—l"rlﬂ s 7Xn7nt72 ) Xn*nt72}
of the Lie algebra g/a; 2, and so on, until we have a basis {X1, X1,..., X, X}
of the Lie algebra g (see Example 4 in Section 5). Thus, {X,—n,+1, Xn—nj+1s---»
X, X} is a basis for a;, and {w;,@;;1 < i < n —n;} determines the quotient Lie
algebra g/a;. Moreover, since [a;4+1,¢] C a;, we have

[ar+1/a0, a1 /i) C a1 /ar, 8/ai] = 0.

This implies that the coefficients A;j, and Bjj, are zero if j > n — nyqq or if
k > n — nj41; that is, the structure equations for g/a; are

dw; = Z Aijk wj N\ wg + Z Bijk wj A\ Wk (1 <i<n-— nl)'

J<k<n—mnji1 Jyk<n—mnyi1
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(Here we are denoting with the same symbol w; the element in g and the one induced
on the quotient.) Therefore, g/a; is itself the Lie algebra of a simply—connected
connected nilpotent Lie group G; with a nilpotent (left invariant) complex structure,
which is exactly the almost complex structure .J; defined by (8); hence dim¢ G; =
n — n;. Moreover, kerm; = a;/a;—1 is a complex Abelian Lie algebra of complex
dimension n; — n;_1; therefore, it defines a simply—connected connected Abelian
complex Lie group A;_1, that is, A;_; = C™~™-1. Furthermore, since a;/a;_1 is an
ideal in g/a;—1, Aj—1 is a closed normal Lie subgroup of G;_1 and G; = G;—1/A;_1.
In particular, ker 7y = a;/a;—1 = g/a;—1 is also Abelian and it defines the complex
Lie group C"~"™t-1. A basis of 1-forms for a;/a;_1 is obtained by considering the
1-forms w;,@;, n —n;+1 <i<n—mn;_1, as closed forms.

Integrating the Lie algebra homomorphisms in (7), we get a tower of Lie groups
and surjective homomorphisms m; with Abelian kernels

C" — Go=G

!

C™ — G4

1

!

Cr=r7M=2 — Gyo
!

Gy =Cr e

where each m;: G;_1 — G is holomorphic because it is obtained by integration of
7 g/a—1 — g/a;, which commutes with the (integrable) almost complex struc-
tures J;_1 of g/a;—1 and J; of g/a;, respectively. Moreover, since [a;/a;—1,8/a;-1] =
0 we have an induced holomorphic free action of C™~™-1 on G;_;. Thus, any
simply—connected connected nilpotent Lie group G with a nilpotent (left invariant)
complex structure is realized as the total space at the top of a tower of holomorphic
principal bundles with Abelian structure groups.

Suppose I';_1 is a lattice in G;_1. Since A;_1 is contained in the center of G;_1,
A;_1NTy_q is a lattice in A;_1, and thus the compact nilmanifold

(A1 NI )\Aiq

is, up to isomorphism, the complex torus T™~™-1, Moreover, A;_1I";_1 is closed
in Gj—1 and m;(T';—1) is a lattice in G; [R]. Let I'; = m(T";—1). Since

(A N )\A g =T\ ATy,
we obtain the following holomorphic principal bundle:
(14) TM=m=1 Fl—l\Gl—l SILN FZ\GZ-

Let T be a lattice in G. Then, taking into account the argument above, I'y = 71 (T"),
Ty =ma(T1),...,Tio1 = m—1(T+—2) are lattices in Gy, Ga, ... ,Gi_1, respectively.
Therefore, replacing G by T'\G and G; by I'/\G; (1 <1 <t —1) in the tower above,
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we get a new tower of holomorphic principal bundles
T™ — To\Go =T\G
l
T ™™ — Th\Gy
l

!
Tr=17m=2 — Ty 9\Gyz
!
Ly \Ggqg =T" ™M

where TP denotes the complex torus of complex dimension p. Thus the compact
nilmanifold I'\G with a nilpotent complex structure is realized as the total space at
the top of a tower of holomorphic principal bundles with structure groups complex
tori. We note that each manifold I';\G| in this tower is itself a compact nilmanifold
with nilpotent complex structure.

It is worthwhile to compare this construction with the constructions and results
of S. Murakami [Mu] which are concerned with compact complex nilmanifolds.
In that paper, Murakami proved that the total space of a holomorphic principal
bundle over a complex torus having connected Abelian structure group is a compact
complex nilmanifold. Murakami’s proof of this assertion makes use of the existence
of a canonical principal connection on the bundle.

Here, at each step (14) of the tower of bundles, there exists also a canonical
principal connection, defined as follows. First, note that the basis of left invariant
1-forms {w1,...,wn—n,_, } of type (1,0) on G;_; descends to the quotient manifold
I'-1\G;—1 with nilpotent complex structure; we shall denote the forms on the
quotient manifold by the same symbols. Let {Z1,...,Z,,_n,_,} be a basis of left
invariant holomorphic vector fields of type (1,0) on the structure group T ™ ~"-1;
then

ny—mni—1

(16) w = Z Whn—nj+i @ Z;
i=1

defines a principal connection on the bundle; this connection form has type (1,0)
and is compatible with the holomorphic structures [Al], [Ks]. Since the structure
group is Abelian, we have dw = 7/}, where () denotes the curvature form of w on
the base I';\G), which is given by

ny—ni—1

Q= Z Z An_nytijh Wi A wi

i=1 j<k<n—mn,

+ Z Br—nitijkwj ANwg | ® Z;.
Jrk<n—mny

Now, since the structure group of this bundle is Abelian, then its adjoint bundle
is the product bundle (T';\G;) x C™~™-1; this allows us to identify the differential
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forms on I'\G; with values in the adjoint bundle to C™~"™-1-valued differential
forms. Thus, the component of type (1,1) of the curvature form,

ny—ni—1

(18) Qbl = Z ( Z By nytijk wi A Qk) ® Zi,

i=1 Jk<n—mny

defines a cohomology class [Q}!] € H(%’l(Fl\Gl,(C”l_"lfl), which is known to be
independent of the choice of w and is called the Atiyah class of the bundle [A],
[Ks]. Therefore, if some coefficient B;; in (18) is nonzero, the Atiyah class of the
bundle (14) does not vanish or, which is equivalent, the bundle does not admit holo-
morphic connections. If T'\G is a compact complex parallelizable nilmanifold, that
is, if the coefficients B in (2) are all zero, then all the bundles in the tower (15)
have vanishing Atiyah class; indeed, w in (16) is a holomorphic connection. The
examples in Section 5 will illustrate both possibilities.

Remark 16. If I'\G is assumed to be a compact (real) nilmanifold, then the ascend-
ing series {a;} is not defined. But a similar construction for I'\G can be done by
using the ascending central series {g;} instead of {a;}. Thus, I'\G is realized as the
total space at the top of a tower of differentiable principal bundles with structure
groups real tori. Moreover, canonical principal connections can be defined at each
step of the tower in a similar way (see [CFGH| for the details).

Remark 17. Tf T\G is assumed to be a compact complex parallelizable nilmanifold
in the sense of Wang [Wal, then g is a complex Lie algebra and g; is a complex
Lie subalgebra of g; in fact a; = g; for all I. Therefore, a similar construction
for T\G can be done, so that I'\G is realized as the total space at the top of a
tower of holomorphic principal bundles whose structure groups are complex tori.
As mentioned above, the connection w will be holomorphic in this case.

4. MINIMAL MODEL FOR THE DOLBEAULT COHOMOLOGY
OF A COMPACT NILMANIFOLD WITH NILPOTENT COMPLEX STRUCTURE

4.1. Basics of Dolbeault homotopy theory. A Dolbeault homotopy theory
has been developed in [NT] by defining “complex homotopy groups” in terms of
the Dolbeault complex of the manifold. The following are basic definitions of this
theory.

A differential bigraded algebra A4** is a bigraded commutative algebra over
C with a differential d of type (0,1) which is a derivation, i.e. d(ab) = (0a)b +
(—1)deg“a(5‘b), where dega is the total degree of a. It is further required that A be
augmented over C. Morphisms between differential bigraded algebras are required
to be bidegree preserving algebra maps which commute with the differentials.

The most immediate example of a differential bigraded algebra is the Dolbeault
complex (A" M, d) of a complex manifold M; the algebra AZ"M is augmented by
choosing a point p € M and evaluating the C'>° complex valued functions at p. Since
these functions are A?C’OM , this augments A" M. Note that AZ"M as an augmented
algebra depends on the base point. If M has no nonconstant holomorphic functions,
for example if M is compact connected, then Hg’O(M ) = C and the dependence on
the base point, at the cohomology level, is only up to isomorphism.

Another immediate example is the following. Let h be a complex Lie algebra,
and let h* be its dual. Let us consider their complexifications endowed with their
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natural decompositions:
h® =bro+hor, (5" =p""+p".

Since (h€)* = (h*), there is a canonical structure of bigraded commutative algebra
in the exterior algebra A*(h)*:

A = P Ar1(p©)7,
p,q>0

where AP4(h%)* = (APH0) ® (A9H%1). Consider the Chevalley-Eilenberg differen-
tial d: A*h* — A*T1p* given by

(d()é)(i[,’l, s 7xk+1) = Z (_1)i+j a([xivxj]ﬂxlv cee 7@7 cee 7@; s 7xk+1)7
i<j
where o € A*h*, z1,...,2x41 € b; then d extends in a natural way to A*(h®)*.

Since b is a complex Lie algebra,
[01,0,01,0) Ch10, [ho,1,00,1] Choi, [B1,0,001] =0,
and therefore d decomposes as d = 0 + 9, where
0: API(B°) — APFRI(BS)" 91 API(DE)T — AP (E)',

and 92 = 90 + 00 = 0% = 0. Thus (A**(h*)*, ) is a differential bigraded algebra.
This construction also applies to the Lie algebra g of a Lie group G with a left
invariant integrable almost complex structure (however, in this case [g1 0, g0,1] can
be nonzero); then (A**(g©)*, d) is canonically identified to the differential bigraded
algebra of the complex valued left invariant differential forms on G.

Given a differential bigraded algebra (A**,d), we shall say that it is a model
for the Dolbeault cohomology of a complex manifold M if there exists a morphism
of differential bigraded algebras p: A** — AZ"M inducing an isomorphism on
cohomology. A model (A**,d) is said to be minimal if: (a) A** is free as an
algebra; (b) there exists a collection of generators {a,}rcr, for some well ordered
index set I, such that each O(a,) is expressed in terms of preceding generators ay,
(1 < 1) of total degree deg (a,,) < deg (a,). A model (A**, ) is said to be formal if
there is a morphism of differential bigraded algebras 1: (A**,9) — (Hz—;’*(.A), 0=
0) inducing the identity on cohomology.

Massey (triple) products can be defined for H;"(A) in the standard form. Let
a € HJ(A), B € Hy"(A), v € Hy"(A) satisfy @ - 8 =0 = B-v. Let a, § and
~ be 0-closed forms representing a, 8 and «; then a A § = 9n, B A~y = Ou, and
so n Ay + (=1)Pratla Ay is a O-closed form of type (p + 7 + u,q+ s +v — 1)
whose cohomology class is well defined modulo the ideal I = « - Hg+u’s+v_1(44)+
v - Hf—;”’qﬂfl(A). This class in H§+r+u’q+5+v71(A)/I will be represented as
(o, B,7) and called the Massey (triple) product of e, # and 7. As it happens
for the de Rham homotopy theory (see [DGMS], [GM]), nonzero Massey products
are obstructions to the formality of a model (A**, ).

4.2. Hirsch Lemma for Dolbeault cohomology. In [Hi, Appendix Two], A.
Borel defined a spectral sequence associated to a complex analytic bundle with
compact connected fibres. This spectral sequence relates the Dolbeault cohomology
groups of the total space, of the base space and of the typical fibre of the bundle.
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Let us recall briefly Borel’s results for the particular case of a (not necessarily
principal) holomorphic fibre bundle F' < E —— B, where F, E and B are assumed
to be compact connected complex manifolds and the structure group of the fibration
is connected. For such a holomorphic fibration, Borel’s results can be read as
follows: there exists a spectral sequence (E,,d,), r > 0, such that:

1. E, is 4-graded, by the base-degree, the fibre-degree and the type. Let P9ES"

be the subspace of elements of E,. of (total) type (p, q), base-degree s, fibre-
degree t. Then:

(a) quEﬁﬂf =0if p+qg#s+torifoneofp,q,s,tis <O0;
(b) dT: p!quxt R P7Q+1Eﬁ+r’t7,’ﬂ+1.
2. If p+q=s+t, then

PIESt =y " HETH(B) @ HE (),
i>0

3. The spectral sequence converges to H g’* (E), the Dolbeault cohomology of the
total space. For all p,q > 0,

a9 G = X rem
s+t=p+q
for a suitable filtration of HS*(E).
4. (Ey,d,) consists of differential commutative algebras, and the isomorphism
in (19) is compatible with the product.

Let us recall also that Borel’s filtration is given by the submodules

(20) Lk(A(»éE) _ Z Ma,b,c,d’
a+b>k

where the elements in M®**¢ are to be thought of as (a,b)—forms on B with
coefficients in (¢, d)—forms in the fibre. The total bidegree (p,q) is determined by
p=a-+c qg=b+d.

We shall use Borel’s results to prove a Hirsch Lemma that will allow the determi-
nation of a model for the Dolbeault cohomology of the total space of a holomorphic
fibration satisfying some suitable hypothesis.

Let F — E - B be a holomorphic fibration, where E, B, F are connected,
F' is compact and the structure group of the fibration is connected. An element
a € HY(F) is said to be transgressive if there exists a representative a € A@F
which extends to a form & € AZ?E such that 0& = * 3 for some O—closed form
[CRS Afé’q'HB. If Hg*(F) is free as a bigraded algebra, we say that it is transgressive
if it has an algebra basis consisting of transgressive elements.

Assume that the holomorphic fibration has H g*(F) free and transgressive. Let
(A**,9) be a differential bigraded algebra and p: A** — AZ™ B a morphism of dif-
ferential bigraded algebras giving an isomorphism on cohomology; that is, (A**, d)
is a model for (AZ"B,d). Pick an algebra basis {z1,...,2,} for H;"(F). Let
&; € AZ"E be a form which when restricted to F gives a 0-closed form repre-
senting ;. Let 3; be such that d&; = 7*(3;). Since p is an isomorphism on
cohomology, we may pick a; such that 3; = p(a;) for some 0-closed form a; € A**.
Let T = A%* ®H§’*(F) be the tensor product of these bigraded algebras, and define
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a differential & of type (0,1) for T by setting 8: Hy"(F) — A***! by d(z;) = ai.
Then (T, 0) is a differential bigraded algebra. Define

(21) T = A @ H'(F) — AS'E

by pja =70 p, p(xi) = &.

Lemma 18 (Hirsch Lemma [Col). The morphism p in (21) induces an isomor-

phism on cohomology. Hence, (A*™* ® HZ™(F),0) is a model for the Dolbeault
complez (AL E, 0).

Proof. We shall construct a spectral sequence E, converging to the cohomology
H g’* (T), and such that p induces an isomorphism of Fs into the E>-terms in Borel’s
spectral sequence; then the result will follow from Borel’s in [Hi]. First, let us

consider the particular case of A** = AZ"B and p = identity. Put

T =,

P.q
with
, ,b ,d
PIT = Y AL'B® H(F),
a+c=p
b+d=q
and define
L'T= Y ALBe HYY(F);
a+b>k
then

LT =T, L*T =0 if k> dimg B,
LFT o LFTT, O(LFT) c LFT,

and, therefore, { L¥T} is a bounded decreasing filtration of T which is stable under
0; hence, we may consider the associated spectral sequence (Er, d.), r > 0. If we
set PALKT = (L*T)NP4T, then L*T = Y pa>0 P4 KT and, since d is homogeneous
of degree 1 in g and of degree 0 in p, this bigrading (p, ¢) is also present in the terms
E,. Let p’qE;f’t denote the terms of E, of type (p, q), total degree s+t and degree
s in the grading defined by the filtration; that is, p’qEﬁ’t =0ifp+q#s+t, and

IMJZﬁ,t

st1i—1 st 0
Paz Tt At

Pq frsit —
s

where
7St _ prsms+t ~ —1/p,q+lstrast+t+l
pagst =papspesttngT (BT LTS ),

P,a RSt — P.af sstt o 5(1)41*1LsfrTertfl)7
T

and d,.: PIEST — patlpstri=r+l - From the standard theory of spectral se-
quences, it follows easily that this spectral sequence converges to H g*(T)

Now, we note that p in (21) is filtration preserving with respect to the Borel
filtration of AZ"E. In fact, let

wr= Y w@z?e L’} W e AL'B, z%e HYU(F) ,
a+b>k
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and let a©¢ € Afé’dE restrict to a representative of z%¢. Therefore p(wy) =

D atbsk (W) Aae? € LF(ALE), where L*(ALE) is the module in Borel’s filtra-
tion (20). Thus, g induces a morphism of spectral sequences p, : E, — E, such that,
indeed, po: Ey — B, is an isomorphism. In order to prove this assertion, suppose
that {21,...,x,} is a transgressive basis for H;"(F), and let &; € Ag"E restrict
to a representative of z; such that da; = 7*(3;), where ; is a O—closed form on
the base B, for j = 1,...,p. Then, each element x in Hg*(F) can be expressed as
a sum of products ,, A ... Az, with 1 <k <pand {ry,...,7} C{1,...,p}.
So, O(xy, A...Ax,,) is a sum of elements of the form

Br; @ @ry Ao o ANy, ATy A ANT)
with filtration degree at least 2, because the total degree of a representative of x;
is at least 1 and B; = d(z;), j = 1,...,p. Therefore, if w @z, w € A%’bB, has
filtration degree u = a + b, then we have
(22) Iwez)=0Ww) @z +(-1)"we d(z),

where 0(w) ®z has filtration degree u+ 1 and w ® 9(z) has filtration degree at least
u+ 2.
Now, we notice that

papsstt — p,qu,t D p,quJrlTert’

where
s gt i,S—1 —1,q—5+1 .
pQQst *ZA?CS 1B®Hg i,q—s ’L(F),
i>0
therefore
p7q228¢ — (ans,t N 5—1(p,q+1Ls+2Ts+t+1)) a p7qu+1vt*1.
Now let
_ ©,8—1 p—i,q—s+i ~ p,q)s,t.
(23) we=) W@ €M™

>0
then, it follows from (22) that

5(005) _ Z (5(wi,sfi) ®xp7i,qfs+i + (_1)swi,sfi ® 5(xp7i,qfs+i)) 7
i>0
where w®*~% @ J(xP~9751%) has filtration degree at least s + 2, and therefore
O(ws) = Z I(wh*™") @ gP~H975F | terms in PO LTS tRL
i>0
Since the first summands in this expression all have filtration degree s+1, it follows
that wg € PIQ%t N 9~ L(PatL LsH2Ts T+ if and only if each w®*~¢ in (23) is O—
closed.
On the other hand, an element w,_1 € P4~ L5175+ =1 ig of the form

We_1 = E wlxsflfl ®mp*lﬂ*8+l + § § wz,kfz ®mp*z#1*lcfl+z7
i>0 k>s i>0
and therefore, using (22) again, we conclude that

Ows_1) = § (w1 @ xP~H975F | terms in P92 T
>0
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Then, it is obvious that

p:qE;ﬂf o ZH%’S_i(B) ® Hg—i7q—s+’i (F),
>0

and, hence, ps is an isomorphism. Therefore, p also induces an isomorphism
pr Hy*(AcB ® Hy(F)) — HY™(E).
Finally, a standard argument shows that
p®id: AV ® Hg*(F) — AZ'B® H;*(F)
is an isomorphism on cohomology if p is. (|
The following corollaries are direct consequences of Lemma 18.

Corollary 19 (Kiinneth formula). Let M, N be compact connected complex man-
ifolds. Then

HZ"(M x N)= H"(M)® Hy"(N),

i.e.

5 ~ a,b c,d
HPYM x N)= >~ H2(M) @ HSY(N).

a+c=p

b+d=q
Corollary 20. Let F — E - B be a holomorphic fibration, E, B, F being
connected, F' compact and the structure group of the fibration also being connected.
Assume that the fibration has Hy"(F) free and transgressive. Denote hP9( ) =
dim HY('). Then

hPI(E) < Y hmP(B) - heY(E).

a+c=p

b+d=q
4.3. Proof of the Main Theorem. Suppose that M = T\G is a compact
nilmanifold with a nilpotent complex structure, and so G is defined by equa-
tions (2). Let (15) be its associated tower of holomorphic principal bundles. Con-
sider one arbitrary step (14) of the tower. Let {m1,...,7n,—n, ,} be the basis
of holomorphic 1-forms on the fibre T™~"-1 dual to the basis of vector fields
{Z1,...,Zp—n,_,}- Since w in (16) is a connection, each 1-form wy_p,4;, 1 <
it < my —mny_1, on I'1_1\Gj_1 restricts to 7; on the fibre, and since Q in (17) is
the curvature of w, it follows that each 7; (resp. 7;) transgresses to the (1, 1)-form
Zj,kgnfnl By —n,+ijkwj Ady (resp. to the (0,2)—form Zj<k§n7m Apnitijk @5 A
wy) on I')\G). Therefore, {7;,7;} determines a transgressive basis for the Dolbeault
cohomology Hz"(T™~™-1) of the fibre.

Now, we start an iterative procedure from the bottom to the top of the tower.
At the first step, the holomorphic principal bundle has T™ "t~ as the base and
T™-17"t-2 a9 the fibre. Let us denote the minimal models for their Dolbeault
cohomology as follows:

Tn—nt-1. (A*7*(x{,07x6,1)’1 <j<n-—ng 1, a:O)a

Tre-rmme=2, (A*’*(yimyé,l), n—ni1+1<i<n—ng o 0=0),
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where the generators are all of degree 1 and bidegree as indexed. Then, having in
mind the previous argumentation for [ = ¢t — 1 and the Hirsch Lemma, we see that
a model for H7"(I';—2\G}—2) is the differential bigraded algebra

AF* = (Ah*(le.’o,x(])’l) ® A*’*(yzi,ovyé,l% 1<ji<n—m1<t<n—n4_2, 5‘) ,
the differential 0 being given as follows:
5le"0 = 5‘%’1 =0, 1<5<n—mn4_q,
n—mg—1
Wi = Z Bijk x] o A xlg,p n—ng_1+1<i<n-—nga,
(24) k=1
n—mg—1

_ _ , . ,
o1 = g Ajjr by Nagy, n—mne1+1<i<n—n; s,

jk=1
i<k

A;ji and Biji, being the structure constants of g in (2).
Therefore, the mapping A** — AL (I_2\Gy—2) given by

Tiorwi, i w, 1<j<n—ng,
yzi,o'—’wm y(i),1’_’@i, n—mng1+1<i<n—ng_g,
defines an isomorphism H5*(T';_2\Gi—2) = H5((g/a;—2) ). If we continue the it-

eration, we get H5'!(I';_3\G;—3) = H5?((g/a;—3)%) at the second step, and finally,
at the top of the tower, HY*(I'\G) = Hg’q(gc), and the proof is complete. O

Corollary 21. The differential bigraded algebra (A**(g®)*,9) is a minimal model
for the Dolbeault cohomology of T\G.

Proof. 1t is obvious since J is nilpotent. |

Remark 22. This proof can be adapted to the real context if we suppose I'\G to
be a compact (real) nilmanifold and take Remark 16 into account. Then, using the
classical Hirsch Lemma, Nomizu’s theorem will follow: H*(I'\G,R) is canonically
isomorphic to H*(g) (see [CEGH]).

Sakane’s theorem [Sal for the Dolbeault cohomology of a compact complex paral-
lelizable nilmanifold follows easily from our Main Theorem and Remark 17. Suppose
that I'\G is a compact complex parallelizable nilmanifold. Then the coefficients
B, in (2), and hence in (24), are all zero. Therefore, a minimal model for the
Dolbeault cohomology Hz*(T'\G) is the differential bigraded algebra

A*’* = (A*’*(mi70,x671), 1 S 1 é n, 5) 9
the differential O being given by
53:?’0 =0, 31:6’1 = Z Aijk 3%,1 A xlgﬁl.
J<k<i

Hence HYY(I\G) = HP (A%, 5) = AP(xf ) ® Hq(A(:vf)’l))? where A*(z} ) is the
exterior algebra generated by {7} o; 1 <7 < n}, and HY(A(xj ;)) is the cohomology
of the differential algebra (A*(xz{ ,),0). Thus,
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Theorem 23 ([Sal). Let T\G be a compact complex parallelizable nilmanifold.
Then there is a canonical isomorphism

HEY(T\G) = AP(g1,0)" ®@ H?(A(go,1)"),
where H1(A(go,1)*) denotes the cohomology of (go1)*.

5. EXAMPLES OF COMPACT NILMANIFOLDS
WITH NILPOTENT COMPLEX STRUCTURE

We shall apply all the previous constructions and results to computing the Dol-
beault cohomology of some compact nilmanifolds with nilpotent complex structure.
Four examples will be developed. The first one is the Iwasawa manifold; it is the
simplest non-trivial example of a compact complex parallelizable nilmanifold. The
last three examples are compact nilmanifolds with nilpotent complex structure
which are not complex parallelizable; in particular, Example 2 is the well known
Kodaira—Thurston manifold.

Example 1. The Iwasawa manifold I3. Let us consider the structure equations
dw; =dws =0, dwz=—wi Aws.

They determine the complex Heisenberg group, that is, the complex nilpotent Lie
group G of complex matrices of the form

1 Z1 Z3
1 )
1

The Iwasawa manifold is the compact complex parallelizable nilmanifold obtained as
Is = T'\G, where T is the subgroup of G consisting of those matrices whose entries
are Gaussian integers. In terms of the natural (complex) coordinate functions
z1, 22, 23 on GG, we have that the 1-forms w;, wy and ws can be expressed by

w1 =dz1, wo =dzy, ws=dz3— 21dz2s.

Since these 1-forms are left invariant on G, they descend to the quotient I3.

If {X1,..., X3} is the basis of left invariant vector fields dual to the basis of
1-forms {wi, ..., @3}, then a; = g; = {X3, X3} and az = g2 = g; therefore I3 is the
total space of the holomorphic principal torus bundle

T — [ 5 T2,

At the level of Lie groups, the projection 7: G — C? is given by (21, 29,23) =
(21, 22), and the right action G x C — G by ((z1, 22, 23), w) — (21, 22, 23 + w).

Let Z denote the left invariant complex vector field of type (1,0) on T'; then
w = w3 ® Z is the canonical (holomorphic) connection on the bundle I3(T?2, , T!),
and its curvature form is @ = — (w1 Awa) ® Z. Since Qb =0, the Atiyah class of
this holomorphic principal bundle vanishes.

For the Iwasawa manifold I3, as total space of a holomorphic principal bundle,
the base is T2 and the fibre is T'. Therefore, their Dolbeault cohomology groups
are

Ht7*(B) = Ht7*(T2) = H(A*’*(l‘imximx(l),lax(2),1)a8 = 0)7

Hy"(F) = Hy"(T') = H(A*(y1,0,501),0 = 0),
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where all the generators have total degree 1 and bidegree as indexed; hence, a model
for the Dolbeault cohomology of I3 is the differential bigraded algebra

(A*’*(xio, xiOa x(l),la x(2),1) ® A (y1,0,50,1), ),
with O given by
53:%70 = 51:%70 = 51:(1)71 = 5:5(2)71 = 5y170 =0,
o1 = —wh, N g ).

This is indeed a minimal model for the Dolbeault cohomology of I5.
A straightforward computation allows us to find explicitly each HE(I3) (see
[Co] for the details); the dimensions of these groups (see also [F'G], [Sa]) are

h3(13) =1, B2 (I3) = hO' (I3) = 2, h*3(I3) = h"0(I3) = 3,

h1(I5) = KO3 (I3) = 2, K3 (I3) = h*O(13) = 3,

h30(I3) = h%3(I3) =1, h»'(I3) = h?(I3) = 6,

h*2%(13) = h'*(I3) = 6.
In view of this list, we note that complex conjugation does not define in general an
isomorphism between HE(I3) and HZP(I3).

Moreover, it is easy to check that the minimal model for the Dolbeault coho-
mology of I5 is in fact not formal. For example, the cohomology class of x(ln A Yo,
defines the nonzero Massey product (x 1, 2§ 1,28 ;).

More examples of compact complex parallelizable nilmanifolds can be construc-

ted in the same way. For a complete list of these manifolds up to complex dimen-
sion 5, see [Nal.

Example 2. The Kodaira—Thurston manifold K. The simplest example of a com-

pact nilmanifold with nilpotent complex structures which is real parallelizable but

not complex parallelizable is the following. Let us consider the structure equations
dwi1 =0, dws=wiAw.

They determine the simply—connected connected nilpotent Lie group G of complex
matrices of the form

1 z1 =29
1 z1
1

We note that this Lie group G is not a complex Lie group, since right translations are
not holomorphic. The Kodaira—Thurston manifold K is the compact nilmanifold
with nilpotent complex structure obtained as K = I'\G, where I is the subgroup of
G consisting of those matrices whose entries are Gaussian integers. (This manifold
was the first known example of a compact symplectic manifold which is also a
complex manifold with no positive definite Kéhler metric [Kol, [Thl, [CEGI].) The
functions z1, zo are natural complex coordinates on G. In terms of dz; and dzs, the
1-forms w; and wo can be expressed by

w1 =dz, wo = dzg — Z1dz1.

Moreover, these 1-forms descend to the quotient K because they are left invariant
on G.
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If {X1, X1, X2, Xo} is the basis of left invariant vector fields dual to the basis of
1-forms {wy, w01, wa, @a}, then a; = g1 = {Xo, X2}, a2 = go = g. Therefore K is
the total space of the holomorphic principal bundle

T' — K " T
At the level of Lie groups, the projection 7: G — C is given by (21, 22) = #1, and
the right action G x C — G by ((21, 22), w) +— (21, 22 + w).

Let Z denote the left invariant complex vector field of type (1,0) on T!; then,
w = wy ® Z is the canonical (non-holomorphic) connection on the holomorphic
principal bundle K (T!, 7, T!), and its curvature form is given by Q = (w1 Aw)® Z.
Since [wy A @] € Hé’l(’ﬂ‘l, C) is nonzero (here C is identified to the Lie algebra of
T1!), this holomorphic principal bundle has nonvanishing Atiyah class and hence
does not admit holomorphic connections.

For the Kodaira—Thurston manifold K, as total space of a holomorphic principal
bundle, the base and the fibre both are T'. Therefore, their Dolbeault cohomology
groups are

H;"(B) = Hy"(T") = H(A**(21,0,20,1),0 = 0),

Hy"(F) = Hy"(T') = H(A*(y1,0,501),0 = 0),

where the generators have total degree 1 and bidegree as indexed; hence, a mini-
mal model for the Dolbeault cohomology of K is the differential bigraded algebra
(A**(21.0,70.1) ® A*(y1.0,%0.1), 0), with d given by
Ox1,9 = 0mo1 = yYo1 =0, Oy1,0=T1,0 A Zo,1.

The explicit list of the groups H}(K) is given in [Co]. Their dimensions are:

h*?(K) =1, h»"(K) = h%Y(K) = 2,h"*(K) = B )(K) =1,

R*(K) = h3(K) =1, hW1(K) =2.
Again we remark that complex conjugation does not define in general an isomor-
phism between H2'*(K) and H3”(K). Also, the minimal model is not formal. For
example, the cohomology class of x1 9 A y1,0 defines the nonzero Massey product
(T1,0,71,0,%0,1)-

Example 3. Let us consider the structure equations
dw; =0,
dws = w1 A w1,
dws = w1 A ws + wy A wo;

they determine the (real) nilpotent Lie group G of complex matrices of the form

1 zZ1 29 = %z% 23
1z 0 0 4z

1 0 0 z1
1 21 —Z92
1 -z

1

Then N3 = I'\G, where I' denotes the subgroup of G consisting of those matrices
with Gaussian integers as entries, is a compact nilmanifold with a nilpotent complex
structure of complex dimension 3.
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If {Xi,...,X3} is the basis of left invariant vector fields dual to the basis of
1-forms {w1,...,ws}, then

o = { X3, X3} C g1 = {X2 — Xo, X3, X3},
ar = {Xo, X0, X5, X3} C g2 =g,

as = g.
Therefore, we obtain in this case the following tower of holomorphic principal bun-
dles:
Tl N N3
!
Tl N N2
!
Tl
Here N? = I'1\G1, where Gy is the nilpotent Lie group defined by the structure
equations dw; = 0, dws = w; A @1; that is, N? is the Kodaira-Thurston manifold

K considered in Example 2.
At the level of Lie groups, the projection maps in this tower are given as follows:

m:G— Gi: (21,22,23) — (21, 22),

me: Gp — C: (21, 22) — 21,
and the right actions by

GxC— G: ((z1,22,23),ws) — (21, 22, 23 + w3),
G xC—Gy: ((21,32),w2)»—> (21,2:24-’[1)2).

The canonical (non-holomorphic) connections on this tower are given as follows.
The connection form on K (T, o, T!) is w = wy ® Zs, and its curvature form is
Q = (W1 AW1)®Z3. On the bundle N3(K, w1, T!) the connection form is w = w3® 73,
and its curvature form is Q@ = (w1 Awa + w1 Aw2) ® Z3. Again, each bundle at this
tower has nonvanishing Atiyah class, and hence they cannot admit holomorphic
connections.

In order to compute H g’* (N?) we proceed by iteration from the bottom to the top
of the tower. A minimal model for the Dolbeault cohomology of K was constructed
in Example 2. Now, at the second step, the bundle has base K and fibre T'. Hence,
a minimal model for the Dolbeault cohomology of N? is

(A" (x1,0,0,1) @ A*(y1,0,Y0,1) ® A" (21,0, 20,1), ),
with generators of total degree 1 and bidegree as indexed, and 9 given by
Ox1,9 = Ox91 = Oyo,1 = 0,
1,0 = w10 A To1,
521,0 =21,0 \Yo,1,
D201 = o1 A Yo,1-

This minimal model is again not formal. In fact, the cohomology class of 1 9 A
21,0 defines the nonzero Massey product (10, %1,0,%0,1)-
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Example 4. Let G be a simply—connected connected nilpotent Lie group deter-
mined by the structure equations

dpy = dpg =0,

dps = pa A i,

dptg = py A (p2 + fi2) + pa A (ps + fiz),

dus = p1 A (—p2 + fi2) + p1 A pa.
Let T' be a lattice in G, and N° = '\G. Then N°® is a compact nilmanifold with a
nilpotent complex structure of complex dimension 5.

If {Z1,...,Z5} is the basis of left invariant vector fields dual to the basis of
1-forms {p1,..., s}, then

a1 ={Z5,Zs} C o1 ={Zo+ Zo — 223, Zy — Zs + Zy — Z4, Z3 — Z3, Zs5, Zs},
ag = {Zo — Z3, Zy — Z3, Za, Z4, Z5, Z5} C g2
={Zy — Zy, Zo+ Zo — 273,73 — 73,24, Z4, Zs, Z5 }
={Zy— 73,29 — 73,73 — Z3,Z4, Zs, Z5, Z5 },
as = {Za, Zy, Z3, Z3, Z4, Z, Z5, Z5} C g3 = g,
as=g.

Now, we shall consider a new basis {X1, ..., X5} for g such that {X5, X5} is a ba-
sis for ay, { X3, X3, X4, X4, X5, X5} is a basis for ay and { X2, X2, X3, X3, X4, X4, X5,
X5} is a basis for as. For that, we define the 1-forms w;, 1 <1 <5, as follows:

w1 = p1, W2 = M2+ M43, W3 = U2 — 43, W4 = U4, W5 = [45.

Then {ws, s} is a basis for af, {ws, @3, w4, D4, ws, 05 } is a basis for a3, {wa, s, w3, W3,
wa, Wy, ws, ws} is a basis for af, and {w;,@;;1 < i < 5} is a basis for the 1-forms on
g (= aq) satisfying

dwl = 0,

dws = w1 A w1,

dws = —wy Ny,

dws = w1 A (we + ©2),
1
dws = 5&]1 A (—WQ — w3 + 2w4 + W + (Dg).

Let {Xy,... , X5} be the basis for g dual to the basis {w1,...,o5}. Then, {X1,...,
X5} is the desired basis for g.
Therefore, we have the following tower of holomorphic principal bundles:
Tl N N5
1
T? — N*
1
T! — N?
1
Tl
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Here N* =T'1\G; and N? = I';\ G2, where G and G2 are the nilpotent Lie groups
defined by the structure equations

dw;1 =0, dwy=wi AW, dw3=-wi A&, dws=wiA (u)g + (IJQ),
and
dw; =0, dwy=wi Awy,

respectively. That is, N2 is the Kodaira-Thurston manifold K.
The canonical (non-holomorphic) connections on the tower are given as follows.
The connection form on K (T!, 73, T!) is w = ws ® W, and its curvature form is
Q= (w1 /\t:)l) ® Ws.
On the bundle N*(K, w3, T?) the connection form is w = w3 ® W3 + wy @ Wy, and
its curvature form is
Q=—(w1 Aw1) @ W3 + (w1 Awa + w1 Aws) @ Wy.

On the bundle N3(N*, 71, T!) the connection form is w = ws @ Wi, and its curvature
form is

1
Q= 5(—0)1 Awog — w1 Aws + 2w Awyg +wi A g +wy /\(I)g)@Wg,.

Again, each bundle at this tower has nonvanishing Atiyah class, and hence they
cannot admit holomorphic connections.

In order to compute H g’* (N®) we proceed by iteration from the bottom to the top
of the tower. A minimal model for the Dolbeault cohomology of K was constructed
in Example 2. At the second step, the bundle has base K and fibre T2. Hence, a
minimal model for the Dolbeault cohomology of N* is

(A™*(21,0,70,1) @ A" (y1,0,Y0,1) ® A*7*(Z%,Oa Z%,Oa 23,17 2(2),1)7 9),

with generators of total degree 1 and bidegree as indexed, and 9 given by
dx1,0 = Omo1 = Oyo1 = Oz, =0,
1,0 = w10 A To,1,
52’%70 = —x1,0 \ Zo,1,
5‘2%70 = 1,0 \Yo,1,
52371 = 20,1 N\ ¥Yo,1-

At the third step, the bundle has base N* and fibre T'. Hence, a minimal model
for the Dolbeault cohomology of N? is
(A™*(@1,0,20,1) ® A" (y1,0,Y0,1) © N (21,0, 27,0, 20,1, 20,1) @ A (t1,0,t0,1), D),
where the generators t1 o, 1 have total degree 1 and bidegree as indexed, and 0 is

given by

_ 1 1 )
8t1,o = 51’170 A Yo,1 —+ 5%1’0 A ZO,lﬂ

= 1 1 1 9
Oto,1 = —5%0.1 ANyo,1 — 3%0.1 NZp1+ o1 A2 a-
This minimal model is again not formal. In fact, the cohomology class of 1 9 A

zio defines the nonzero Massey product (x1,0,%1,0,Y0,1)-
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6. EXAMPLES OF COMPACT COMPLEX NILMANIFOLDS
WITH NO NILPOTENT COMPLEX STRUCTURE

In this section we exhibit two examples of compact complex nilmanifolds, L® and
M1 whose complex structures are not nilpotent. Therefore, the Main Theorem of
this paper cannot be applied to compute the Dolbeault cohomology groups of L°
and M'0. Moreover, we prove that the compact nilmanifold L® admits no nilpotent
complex structures.

The compact complex nilmanifold L°. Let G be the 6-dimensional simply-
connected connected 3-step nilpotent Lie group defined by the structure equations

dog = das = dag =0,
dOé4 = A a3,
das = as A as,

dog = a1 N ayg + as A as.

Let {X;; 1 < i < 6} be the basis of left invariant vector fields on G dual to the
basis {a;; 1 < i <6}. Then, g1 = {X¢}, and thus dimg; = 1.

Next, we consider the left invariant integrable almost complex structure J on G
defined by

JX) = Xo, JX4i=Xs,  JX3=Xg.

A complex basis {w;; 1 < i < 3} for the complex forms on g©, g = Lie algebra of
G, is given by

w1 = oy + vV —1lay,
wy = a4 + VvV —1las,
w3 = a3+ v —1lag.

In terms of these forms, the structure equations of G are

dw1:0,
dws = S (w1 Aws +wi A@s)
(25) w2 = 2 w1 w3 w1 w3),
v—1
du}3:T(w1/\J}2+J)1/\WQ),

and they allow us, by integration, to describe G as the (real) nilpotent Lie group
of complex matrices of the form

1 —@zl —@21 —@zlzl z3

1 0 —17 Z

(26) 1 -3 22
1 z23 + Z3

1

The functions z1, 22, 23 are the complex coordinates on G which correspond to the
integrable almost complex structure J, and the 1-forms w1, ws,ws can be expressed
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by

wy = dz1,

1
wo = dzy + §Zl(d33 + dz3),

v—1 1
w3 = dz3 + T (ZleQ + Z1dz9 + 52’121(6[23 + dZ3)> .

Since the structure equations (25) are not of the form (2), it follows that the
integrable almost complex structure J on G is not nilpotent. Furthermore, it is easy
to check that the first term a; in the series {a;; 1 > 0} is a3 =0 (= a; for [ > 0) in
this case, and hence, taking into account Lemma 9 and Theorem 12, the complex
structure J on G cannot be nilpotent. In fact, since dimg; = 1, Proposition 10
and Theorem 12 imply that G does not admit nilpotent (left invariant) complex
structures.

Looking at (26), it is easy to see that there exists a lattice I' C G of maximal
rank, and therefore L% = I'\G is a compact complex nilmanifold with no nilpotent
complex structures.

Nevertheless, the compact complex manifold L® can still be described as the
total space of a (non-holomorphic) principal bundle T? — L5 5 T, as follows.

At the level of Lie groups, the fibration is defined as C? — G - C, where
the projection map m: G — C is given by m(z1, 22,23) = 21, and the right action

G x C? — G of C% on G by

1
((z1, 22, 23), (w1, w2)) (2?1722 +wy — 521(w2 + w2) ,

-11 _ _ _
z3 + wo + T(izlzl(wz + We) — 21w — lel)) )

which is not holomorphic. Hence the fibration, already at the level of Lie groups,
is not holomorphic either, and the Main Theorem cannot be applied.

Remark 24. It must be remarked that dim a; = 0 is not the relevant fact to prevent
the existence of some nilpotent (left invariant) complex structure on G. The relevant
fact is that dim gy = 1, which conflicts with Proposition 10 and Theorem 12.

The compact complex nilmanifold M'°. Let us consider the 10-dimensional
simply-connected connected nilpotent Lie group G defined by the structure equa-
tions

dOél = dOéQ = dag = dﬁl = 0,
doy = a1 N ag,

das = as A asg,

(27) dag = a1 A ayg + as A as,
dBs = a1 A B,
dBs = ag A By,

dBs = a1 A\ B2 + s A B3,

Let {X;,Y;;1 <4 <6,1 <j < 4} be the basis of left invariant vector fields
on G dual to the basis {o;,3;;1 < i < 6,1 < j < 4}. Then, g1 = {X¢,Ya},
g2 = {X4, X5,Xs,Y2,Y3,Ys} and g3 = g. Therefore, dimg; = 2, dimgy = 6
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and dim gs = 10. Let us now define the left invariant integrable almost complex
structures J and J on G by

JXIZXQ; JX4:X5; JX3:X67 JY1:Y47 J}/Q:Y%
and
JX1 =Xy, JXz=Y1, JXu=X5, JXe¢=VYi, JYo=Y;,

respectively. Then, one easily checks that the series {a;(J);l > 0} of J satisfies
a;(J) = 0 for I > 0, and hence the complex structure J on G is not nilpotent.
However, the series {a;(.J);1 > 0} associated to .J satisfies a;(.J) = g; for I > 0, and
thus az(.J) = g and .J is nilpotent.

From equations (27) and Mal’cev’s theorem [Ma] it follows that there is a discrete
subgroup I' of G such that the quotient space I'\G is compact. We define M*°
(respectively N1°) to be the compact complex nilmanifold I'\G with the complex
structure defined from J (respectively J ) on G by passing to the quotient. Then,
the complex structure on M'° is not nilpotent; however, the complex structure on
N0 ig nilpotent.

Moreover, denote by 7; (1 < i < 5) the left invariant 1-forms on G of type (1,0)
with respect to J , defined by

m = a1 +v—1as,
n2 = a3 +V—1p1,
3 :a4+\/—_1a5,
M = P2+ V—10%s,
5 = a6+ V—1p4.

Then, in terms of the 1-forms 7;, the compact complex nilmanifold N'° can be
defined by the equations

dny = dne =0,

1
dnz = s (m Az +n1 A7),

2
v—1
dny = 5 (m Ama —m A1),
1 B B v—1 _ _
dns = 5 (m ATl + 11 Ang) + == (0 Al + 70 A ).

These equations are of type (2), which is equivalent to establishing (see Theorem 13)
that the complex structure on N'0 is nilpotent.
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